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It is a well-known conjecture that given m E N, the set of natural numbers, the 
sequence ( m,}:wO,,, defined by the iterative formula 
m. = m, 
1 
(3m, + 1)/2, if m, is odd, 
m,+l = 
m ./L if m, is even, 
has some iterate mj = 1. It is shown in this paper that for any k E N, “almost 
every” natural number m greater than unity has k iterates less than m. Q 1987 
Academic Press. Inc. 
I. 1NTRoDucT10~ 
A survey of literature concerning the 3x + 1 conjecture has been given by 
Lagarias [4], among others [3, 5-71. Everett [2] proves that almost every 
natural number m, m > 1, has an iterate less than m. In the following it is 
shown that if k E N, x E R, the set of real numbers, and 
rk(x) = #{m IX; m EN, andforsomen EN, mn+p < m, 
p E {0,LL..,k - I}}, (1) 
then By - x, in the sense that the density T~(x)/x + 1 as x + co. 
II. THE PARITY SEQUENCE 
The parity sequences x” associated with the natural number m is 
z= {~~,x1,x*,...}, (4 
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where 
0, ii m, is even, 
x, = 
1, if m, is odd. 
(3) 
Let X denote the set of all parity sequences 1. For each m E N, let 
o:m-+l, (44 
N,= {1,2,3 ,..., 2”}, w  
a, = aIN,. w  
Let X0 denote the set of all xl,, of truncations up to the nth term, viz., 
{x0,x1,..., x,-i }, of the parity sequence x”. The following theorem is clear 
from Everett [2]. 
l-l I 1-l I 
THEOREM 1. a,,: N,, + X,, and a: N + X. 
For each n E N define 
n-l 
4trn) = c xky 
k=O 
(5) 
where u(m) = i. Let 
L = log 2/log( 10/3), and 
r = L - l/2. (6) 
For n E N and 0 I E s r, let 
A n,e = {m; m EN,, andF,(m)/n < L - E}. (7) 
The following lemma is from Breiman [l]. 
LEMMA 1. If n > 0, then 
It follows from Theorem 1 that 
#.M,,, = #{n,; 2” = u(m) and F=(m)/n < L - E}, 
= a) 
( k; k/n < L - E. 
Lemma 1 now yields the next lemma. 
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LEMMA 2. 
#~?I E 
lim 2”=1. 
n-ran 
407 
(9) 
III. A DENSITY THEOREM 
The following results from Everett [2] are fundamental. 
LEMMAS. LetlEN,andmk>lfor 
k= 0,1,2 ,..., I- 1. 
Then 
LEMMA4 IfmENandF,(m)/l<Lforsome/EN, thenm,<m. 
An additional lemma, essential to the proof of the density theorem, is 
now stated and proved. 
LEMMA 5. If k E N, n > ((1 - r)/r)k and 0 < k/(n + k) I E c r, 
then 
A n+p,O 2 -4, e forp=O,1,2 ,,.., k-l. 
Proofi Let m E An,+. Then 
K+p(m) F,(m) + P 
I- - 
n+p n+p n+p’ 
I 4th) + k - - 
n n+k’ 
k 
<L-e+- 
n+k’ 
< L. 00) 
Hence, m E A,,+p,o for p = 0, 1,2,. . . , k - 1. 
For m E N, if m > 2 and some iterate mj = 1, then obviously for each 
k E N there exists an n E N so that mn+p < m, for p = O,l,. . . , k - 1. 
Thus, only those m E N such that mj > 1 for all j E N need to be 
considered. 
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The main lemma of the present work is now stated. 
LEMMA 6. If k E N, then 
lim 
%IT2”) 
- = 1. 
n-roe 2” 
Proof. Let k E N and choose n and E such that 
01) 
n> 
k 
and O<- 
n+k 
Ie<r. 
If m E .4X,, e then by Lemma 5, 
fit+,(m) < L 
n+p ’ 
forp=O,l,..., k-l. 
By Lemmas 3 and 4, 1 < mn+p < m, p = 0, 1, . . . , k - 1. By definitions 
(1) and (7), 
7rJ2”) = #An,e. 
Lemma 2 now yields Lemma 6. 
Everett’s [2] argument in extending his density theorem from a discrete to 
a continuous variable can be formally stated as a lemma, upon introducing 
the concept of a counter function. 
DEFINITION 1. Let P, be a Boolean proposition (having a value true or 
false) for each 1 E N. The function f: R + N such that 
f(x)=#{m;m~N,m~xandP,istrue} 
is called a counter function. 
LEMMA 7. If f (x) is Q counter function such that lim, - ,( f (2”)/2”) = 1, 
then lim ,+,(f(x)/x) = 1 also ho&. 
Lemmas 6 and 7 lead to Theorem 2, the main density theorem of this 
paper. 
THEOREM 2. lim .+,(?lk(x)/x) = 1. 
Iv. REMARKS ON CYCLES 
Lagarias [4] discusses cycles in relation to the 3x + 1 problem. In this 
context it is worthwhile to point out the connection between cycles and the 
density theorem presented in the last section and in particular the function 
rrk(x) set down in (1). A formal definition of a cycle is: 
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DEFINITION 2. The sequence { m,}F=,, c N is said to have a cycle if 
there exist n and (Y E N such that, if n 2 E then 
and 
mn = m- n+(n-ri)mcdu 
m,+, # mAi,, i#j,iE {O,l,..., o-l}. 
The number cx is called the period of the cycle. 
Lagarias [4] uses the term “total stopping time” for the smallest such i. 
The period (Y of a cycle is an important parameter. The condition that 
mj = 1 for some i E N is equivalent to the sequence { m, }FBO eventually 
having a cycle with (Y = 2 (Steiner [5]). Garner [3] mentions that for any 
cycle not containing 1, (Y must equal several thousands. 
If m,, = rnn2 for ni, n2 E N, and n, Z n2, then the sequence {m,}r=,, 
has a cycle with stopping time n not greater than n,, with period (Y I n2 - 
n1* 
If x E R, the function p(x), defined by 
p(x)=#{m;m~xand{m,}~~‘=,hasacycle}, 
is related to 7rk(x) in (1) through 
02) 
P(X) = ~[X,(X)~ 03) 
where [x] means the greatest integer less than or equal to x. Clearly 
P(X)/X = 7$g( I/ - x x < 1, which suggests the conjecture 
lim P(X) ~[xlb> 1 - = lim ~ = , 
x-+m x X’Q) X 
(14 
which has important implications concerning the existence of cycles in 
relation to the 3x + 1 problem. 
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